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ABSTRACT 

Three models are considered for typical space station 
configurations: 1) a dumbbell shape, 2) a Y shape consisting 
of three half-dumbbells, and 3 )  a wheel shape consisting of a 
Y surrounded by a torus. Formulas are developed for calculating 
quotients of transverse to axial moments of inertia for the 
three types of configuration. The attitude motion of space 
stations spinning about a symmetry axis is studied, based on 
some results of P. Likins. It is conclud-ed that such a space 
station can passively maintain a stable attitude (orientation) 
only if the spin axis is normal to the orbit plane. 
influence of gyroscopes, a counterrotating hub, and aerodynamic 
or magnetic moments is not included. 
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I.  INTRODUCTION 

I n  t h e  des ign  and o p e r a t i o n  of an e a r t h  o r b i t i n g  
space  s t a t i o n  it may be p h y s i o l o g i c a l l y  and p s y c h o l o g i c a l l y  
advantageous t o  t h e  crew to  s u b j e c t  them t o  " a r t i f i c i a l  g r a v i t y . "  
This  can be accomplished by c r e a t i n g  a c e n t r i f u g a l  a c c e l e r a t i o n  
a t  v a r i o u s  d i s t a n c e s  f r o m  t h e  hub of a sp inn ing  space  s t a t i o n .  

Genera l ly ,  a space  s t a t i o n  w i l l  c o n t a i n  one o r  more 
s i g h t i n g  in s t rumen t s  ( t e l e s c o p e s  o r  o t h e r  s e n s o r s )  which need 
t o  be d i r e c t e d  a t  t h e  e a r t h  o r  a t  some o ther  p o i n t  i n  space .  
I f  t h e  ins t rument  i s  l o c a t e d  such t h a t  i t s  s e n s i n g  a x i s  i s  
a long  t h e  s p i n  a x i s  of  t h e  s t a t i o n ,  t hen  i t  becomes impor t an t  
t o  examine t h e  o r i e n t a t i o n  of t h i s  s p i n  a x i s  re la t ive  t o ,  
s a y ,  an o r b i t i n g  c o o r d i n a t e  sys t em.  (F igure  1) 

I n  o r d e r  t o  ga in  some i d e a  of t h e  g e n e r a l  behavior  
of t h e  a t t i t u d e  motion of a sp inning  space s t a t i o n  w e  w i l l  c o n s i d e r  
t h r e e  r e p r e s e n t a t i v e  c o n f i g u r a t i o n s ,  namely: dumbbell, Y shape ,  
and wheel. I n  each case  t h e  s p i n  a x i s  w i l l  move i n  space  
because of t o rques  e x e r t e d  on  t h e  s p a c e c r a f t .  These to rques  
may be due t o  e x t e r n a l  f o r c e s  (such as g r a v i t y  d i f f e r e n t i a l s  
and aerodynamic or  magnetic moments) o r  due t o  " f i c t i t i o u s  
forces ' '  (such as C o r i o l i s  a c c e l e r a t i o n s  r e s u l t i n g  from t h e  
o r b i t a l  motion of t h e  s p a c e c r a f t ) .  The e f f e c t s  of t h e s e  to rques  
on t h e  a t t i t u d e  motion depends on t h e  s p i n  ra te  of t h e  space- 
c r a f t  and on t h e  r e l a t i o n s h i p s  between i t s  p r i n c i p a l  moments 
of i n e r t i a .  These r e l a t i o n s h i p s  w i l l  be desc r ibed  nex t .  

11. MOMENTS O F  I N E R T I A  

1. Dumbbell 

The only  assumption w e  w i l l  make f o r  t h e  model of a 
dumbbell  i s  t h a t  i t s  t r a n s v e r s e  moments of i n e r t i a  be e q u a l ,  o r *  
ID = ID (where t h e  l o n g i t u d i n a l  a x i s  i s  t h e  x - a x i s ) .  This  model Y z 

*See L i s t  o f  Symbols. 
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could  r e p r e s e n t  a space  s t a t i o n  which c o n s i s t s  of t w o  o r  more 
( n o t  n e c e s s a r i l y  i d e n t i c a l )  modules which are r i g i d l y  connected 
a long  a common a x i s .  The r a t i o  of  t h e  a x i a l  t o  t h e  t r a n s v e r s e  
moments of i n e r t i a  f o r  t h e  dumbbell w i l l  be des igna ted  

D D  
E = Ix/Iz 

2 .  Y Shape 

To c o n s t r u c t  a model f o r  t h e  Y shape w e  a g a i n  s t a r t  
w i t h  a dumbbell as desc r ibed  i n  11.1 (F igu re  2 a ) ,  b u t  w i th  t h e  
a d d i t i o n a l  assumption t h a t  the  c e n t e r  of mass i s  a t  t h e  geo- 
m e t r i c  c e n t e r .  L e t  t he  symmetry a x i s  of t h i s  dumbbell be t h e  
x-ax is  and, as above, l e t  t h e  r a t i o  of i t s  a x i a l  t o  t r a n s v e r s e  
moments of i n e r t i a  be E .  

be 
L e t  t h e  i n e r t i a  t e n s o r  f o r  t h i s  f i g u r e  

If t h i s  f i g u r e  i s  r o t a t e d  60' about  i t s  mass c e n t e r  (F igu re  2 b ) ,  
t h e  i n e r t i a  t e n s o r  becomes (Reference 1) 

(-k 11; D + - 31y.) 4 

?(60°) = 
4 l'y 

0 0 

If it i s  r o t a t e d  120° (F igure  2 c ) ,  t h e  i n e r t i a  t e n s o r  becomes 
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I f  t h e s e  t h r e e  dumbbells a r e  superposed ,he r e s u l t i n g  con- 
f i g u r a t i o n  would resemble s i x  spokes 60' a p a r t  (F igu re  2 d ) .  
This  can a l s o  be  thought  of as t w o  i d e n t i c a l  Y shapes ,  super-  
posed 180' a p a r t .  S ince  moments o f  i n e r t i a  are a d d i t i v e ,  t h e  
i n e r t i a  t e n s o r  f o r  t h e  Y shape (F igure  2 e )  i s  g iven  by 

?' = $ [ ? ( O o )  + ? ( 6 0 ° )  + ?(120°) 3 

Performing t h e  i n d i c a t e d  a r i t h m e t i c  r e s u l t s  i n  

y - 3  

Y 
Y - 3  D 

I Z  - z I Z  

D D 
Y 

Remembering t h a t  I = Iz  and 

D D  
E = Ix/Iz 

t h e  i n e r t i a  q u o t i e n t  f o r  the Y shape becomes 

3. Wheel 

To c o n s t r u c t  a model f o r  t h e  wheel c o n f i g u r a t i o n  w e  
s tart  w i t h  a c y l i n d e r  of length  2L and r a d i u s  R,  w i th  an 
axisymmetric m a s s  d i s t r i b u t i o n  (F igure  3 a ) .  
g iven  by 

Thus t h e  d e n s i t y  i s  

6 = 6 ( r )  

For such a c y l i n d e r  t h e  a x i a l  moment of i n e r t i a  can be shown 
t o  be  

'0 
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and the two (equal) transverse moments of inertia are 

R 
3 

IC Y = Iz = ?nL3 1 6(r)rdr + ~ I T L  lR 6(r)r dr 

The ratio, E ,  of the axial to the transverse moments of inertia 
for the cylinder is then 

E = Ix/Iz = 6/[2L2/jrdr/[6r3dr) + 3 I ( 4 )  

Now we construct a Y shape out of three such cylinders, 
each of length L (Figure 3b). The moments of inertia for this 
configuration are* 

so that, as before, 

where E is given by ( 4 )  

*These can be obtained by a method analogous to that used 
in 11.2, or by direct evaluation of the three moment of inertia 
integrals involved. 
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Next we construct a torus out of a similar cylinder 
of length 27rL (Figure 3c). The moments of inertia for such a 
torus are 

R 
IT = IT = 2n2L3 I 6 (r)rdr + SIT L lR 6(r)r 3 dr 
X Y 

R 
1: = 4n2L3 1 G(r)rdr +  IT L lR 6(r)r 3 dr 

The inertia quotient is 

1 E  

Q T = z +  z- 
where E is given by (4). 

torus with the Y shape (Figure 3d). Since moments of inertia 
are additive, we have for the wheel that 

Finally the wheel is configured by combining the 

W W T Y 
Y X 
= I  + I x  Ix = I 

W T Y Iz = Iz + Iz 

The corresponding inertia quotient for this wheel can then 
be derived as 
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The models introduced above are not intended 
to correspond to any specific space station design. They are 
rather meant to be generic representations of three kinds of 
configuration for orbiting spacecraft. These idealized models 
are chosen in order to permit a relatively straightforward 
analytical treatment, and yet retain a certain degree of generality. 

The inertia quotients, Q, calculated above 
are descriptive of the shape and mass distribution of the con- 
figurations; i.e., they describe static properties. There is, 
however, a dynamic difference between the dumbbell on the one 
hand and the Y shape and wheel on the other: if each of the 
configurations in Figures 2 and 3 is considered to be spinning 
about the z-axis, it becomes apparent that the wheel and Y shape 
are spinning about their symmetry axis, whereas the dumbbell is 
spinning about a transverse axis. 

This difference is significant because the passive 
attitude motion of spacecraft s p i n n i n g  a b o u t  t h e i r  symmetry 
a x e s  has been extensively studied. Notable among papers on this 
subject is the work of Likins (Reference 2 ) .  We shall use some 
of Likins' results to examine the attitude moti.on of the.Y shape 
and wheel. On the other hand, the behavior ot a symmetric object 
s p i n n i n g  abou t  an a x i s  normal t o  i t s  symmetry axis has received 
very little attention. There are two papers (References 3 and 4) 
which attempt to address this problem. However, they fail to 
recognize (centrifugal and Coriolis) accelerations due to the 
orbital motion of the center of mass of the system, as well as 
the effects of gravity. Thus the spacecraft are represented as 
being stationary in a torque-free environment. Therefore, a 
future memorandum will treat the case of a dumbbell configuration 
which is rotating about a transverse axis. The attitude motion 
of a spinning Y and wheel will be examined in this memorandum. 

The inertia quotients given by formulas ( 2 1 ,  (5) , and 
(6) are plotted on Figure 4 as a function of E .  This quotient, 
Q, is descriptive of the shape and mass distribution of the 
model, and of its orientation relative to a chosen coordinate 
system. The number E, whether given by (1) or ( 4 )  , can be 
thought of as describing the "slenderness" of the structure--in 
the sense that a small E (approaching zero) corresponds to a 
very slender dumbbell or cylinder, and conversely. 
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1. Definitions 

A convenient way to describe the a t t i t u d e  of a 
spacecraft which is spinning about a symmetry axis, is by the 
orientation of this spin axis relative to an orbiting coordinate 
system fixed to the spacecraft's center of mass (Figure 1). 
Assuming the center of mass to be moving in a circular orbit, 
A1 points radially outward from the center of the earth, A2 
points in the direction of orbital motion, and A3 is normal 
to the orbital plane so that (A1, A*, A3) forms a righthanded, 
orthogonal triad. Thus the orientation of the spacecraft is 
indicated by the angles 0 
the A -A 
The spin rate is indicated by b 3 .  

absence of disturbances is an equiZibriurn a t t i t u d e .  If an equili- 
brium attitude is such that, under finite perturbations, the 
disturbed attitude remains close to the equilibrium attitude, then 
that equilibrium is called Lyapunov s t a b l e .  If, no matter how 
small the perturbation, the disturbed attitude always moves far 
away from equilibrium, the equilibrium attitude is u n s t a b l e .  
If the stability of an attitude has been determined by linearizing 
the equations of motion at the equilibrium point, it may still 
not be possible to determine analytically whether or not this 
stability is valid beyond the immediate vicinity of the point of 
linearization. In such a case the equilibrium is called 
i n f i n i t e s i m a l l y  s tab  l e .  * 

in the bottom of a bowl (Figure 5a) and a ball carefully balanced 
on the point of a pencil (Figure 5b) are both in equilibrium. 
The first, however, is Lyapunov stable whereas the second is 
unstable. If the tip of the pencil is blunted (Figure 5c) the 
ball could be considered to be infinitesimally stable. 

and 02, where O1 is about A1 (in 1 
plane) and O2 is in the plane of the spin axis and A1. 2 3  

Any attitude which the spacecraft can maintain in the 

Figure 5 illustrates these concepts intuitively. A ball 

*The concept of infinitesimal stability does not necessarily 
describe the actual response of the attitude to a disturbance in 
general: the attitude still may or may not turn out to be 
Lyapunov stable in the above sense. 
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2. Equilibrium Attitudes and Their Stability 

Likins (Reference 2) has studied the attitude motion, 
relative to an orbiting coordinate system, of a spacecraft 
spinning about a symmetry axis. Considering only inertial and 
gravitational torques, he has found that such spacecraft can 
spin in equilibrium in any of the following three types of 
attitude: 

a. 

b. 

C. 

c y Z i n d r i c a Z  t y p e  - so called because the spin axis 
is normal to the orbit plane and thus traces out a 
cylinder in space as the spacecraft goes through one 
orbit (Figure 6(a)). This attitude is described by 

(7) 

c o n i c a l  t y p e  - where the spin axis is normal to the 
direction of motion but is inclined toward the earth, 
thus tracing out a cone (Figure 6(b)). The attitude 
and spin rate are now coupled, depending on the inertia 
quotient, as given by 

o1 = 0 

COS O 2  = -S/4(1-Q) 

Here the spin parameter S=6 / Q  is tha spin rate nor- 
malized to the orbiti1.1 rate? 
tne number of spacecraft rotations per orbit. 

hL4Pep3oZoidal t y p e  - where the spin axis is normal to 
the earth-spacecraft line but is inclined to one side, 
thus tracing out a hyperboloid (Figure 6 (c)). The 
coupling between attitude, spin rate and inertia quotient 
is given by 

It is numerically equal to 

COS O1 = -S / ( l -Q)  

o2 = 0 

where S is as before. 
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Lik ins  has  f u r t h e r  de r ived  r e l a t i o n s h i p s  between 
s p i n  ra te  and i n e r t i a  q u o t i e n t s  which determine t h e  n a t u r e  of 
t h e  s t a b i l i t y  of each of t h e  preceding e q u i l i b r i u m  a t t i t u d e s .  
With a minor modi f ica t ion*  t h e s e  r e s u l t s  are shown i n  F igure  7 .  

I V .  CONCLUSION 

Assuming a r o t a t i o n  ra te  of a t  l ea s t  one rpm ( R e f -  
e r ence  51, and cons ide r ing  t h a t  t h e  s h o r t e s t  f e a s i b l e  pe r iod  
f o r  an e a r t h  o r b i t  is  about 90 minutes ,  t h e  s p i n  parameter  w i l l  
t a k e  on va lues  i n  excess  of 90  and it w i l l  i n c r e a s e  by a t  l eas t  
90  f o r  each a d d i t i o n a l  rpm. Figure 7 shows t h a t ,  f o r  S>90 
( indeed  even f o r  S>2), no hyperbolo ida l  o r  c o n i c a l  a t t i t u d e  
(F igure  6 )  can be  an equ i l ib r ium a t t i t u d e .  The c y l i n d r i c a l  
a t t i t u d e ,  however, i s  guaranteed t o  be  Lyapunov s t a b l e  i f  t h e  
r o t a t i o n  i s  prograde ( p o s i t i v e  S), and a t  l ea s t  i n f i n i t e s i m a l l y  
s t a b l e  i f  t h e  r o t a t i o n  i s  r e t r o g r a d e  (nega t ive  S ) .  

symmetry a x i s  can p a s s i v e l y  maintain a s t a b l e  a t t i t u d e  only 
i f  t h i s  a x i s  i s  normal t o  t h e  o r b i t  p lane .  

Therefore ,  a space  s t a t i o n  r o t a t i n g  about  i t s  

The ana lyses  r epor t ed  h e r e  concern t h e  p a s s i v e  
a t t i t u d e  motion of a sp inn ing  s p a c e c r a f t ,  s u b j e c t  t o  g r a v i t y  
and i n e r t i a  to rques .  
(References 6 ,  7 )  onboard t h e  s p a c e c r a f t ,  as w e l l  as t h e  i n -  
f l u e n c e  of aerodynamic (References 8 ,  9 )  and magnetic t o rques  
(Reference lo), s i g n i f i c a n t l y  compl ica tes  t h e  a n a l y t i c a l  
t r e a t m e n t  b u t  probably expands t h e  s t a b i l i t y  r eg ions  i n d i c a t e d  
i n  F igu re  7 .  

The i n c l u s i o n  of gyroscopic  equipment 

Attachments 
References 
L i s t  of Symbols 
F igu res  1 - 7 

H.  B.  Bosch 

*Note t h a t  t h e  i n e r t i a  q u o t i e n t  Q i s  t h e  r e c i p r o c a l  of 
L i k i n s '  parameter R. This  l i n e a r i z e s  t h e  boundaries  of t h e  
s t a b i l i t y  r eg ions  i n  h i s  Figures  8,  1 0 ,  and 11. 
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L I S T  OF SYMBOLS 

Symbols 

o r b i t i n g  coord ina te  frame A 1 , 2 , 3 :  

? : i n e r t i a  t ensor  

I : moments of i n e r t i a  about p r i n c i p a l  body axes  x , y , z  
X I Y I Z  

L : l e n g t h  

Q : i n e r t i a  q u o t i e n t  f o r  models ( equa t ions  2 ,  5 and 6 )  

r , R  : r a d i a l  d i s t a n c e s  

S : normalized s p i n  r a t e  of s p a c e c r a f t  ( ; , / a )  

6 : mass d e n s i t y  

E : i n e r t i a  q u o t i e n t  f o r  dumbbell o r  c y l i n d e r  ( equa t ions  1 and 4 )  

ang les  r e l a t i n g  body and o r b i t i n g  c o o r d i n a t e  frames 0 
1 , 2 , 3 :  (F igure  1) 

n : o r b i t  angu la r  speed 

S u p e r s c r i p t s  

C : p e r t a i n i n g  t o  c y l i n d e r  

D : p e r t a i n i n g  t o  dumbbell 

T : p e r t a i n i n g  t o  t o r u s  

W : p e r t a i n i n g  to wheel 

Y : p e r t a i n i n g  t o  Y shape 
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FIGURE 2 - GENESIS OF THE MODEL FOR THEY-SHAPED CONFIGURATION (Z-AXIS IS PERPENDICULAR 
TO PAGE, POINTING AT THE VIEWER). 
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FIGURE 3 -GENESIS OF THE MODEL FOR THE WHEEL CONFIGURATION (Z-AXIS PERPENDICULAR 
TO PAGE, POINTING AT THE VIEWER). 



t 

1 .o 

.8 

.6 

.4 

.2 

a 

- 

- 

I I 
.2 .4 .6 .8 1 .o 

"SLENDERNESS" PARAMETER ( e 

FIGURE 4 - INERTIA QUOTIENT AS A FUNCTION OF "SLENDERNESS" FOR THREE SPACECRAFT CONFIGURATIONS. 



rz 
2 

on 

D 

r 
rn 
v) 

I 
I m 
rn 
rn 
I 

rn $ 

on 
v) 

in' 



n 
G) 
C n 
rn 

i 
\ / 



n 
D 
C 
3 
m 
4 

v) 

G k 0 N W 
in 

b, 

u 

bo 

io 

4 

in 

b, 

;r 
13 

bo 

io 

13 

in 

b, 

;r 

bo 

io 

-L 

v) 

G k 0 W 

z 
0 


